
ar
X

iv
:h

ep
-p

h/
04

06
13

2 
v1

   
11

 J
un

 2
00

4

IFT-UAM/CSIC-04-30

Study of the eightfold degeneracy with a standard
β-Beam and a Super-Beam facility

A. Doninia, E. Fernandez-Martineza, P. Migliozzib, S. Rigolina and L. Scotto Lavinac
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Abstract

The study of the eightfold degeneracy at a neutrino complex that includes a stan-
dard β-Beam and a Super-Beam facility is presented for the first time in this pa-
per. The scenario where the neutrinos are sent toward a Megaton water Cerenkov
detector located at the Fréjus laboratory (baseline 130 Km) is exploited. The
performance in terms of sensitivity for measuring the continuous (θ13 and δ) and
discrete (sign[∆m2

23] and sign[tan(2θ23)]) oscillation parameters for the β-Beam
and Super-Beam alone, and for their combination has been studied. A brief re-
view of the present uncertainties on the neutrino and antineutrino cross-sections
is also reported and their impact on the discovery potential discussed.

PACS: 14.60.Pq, 14.60.Lm



1 Introduction

In the past years the hypothesis of neutrino oscillations has been strongly confirmed
in the atmospheric [1], accelerator [2], solar [3] and reactor [4] sectors. If we do not
consider the claimed evidence from the LSND experiment [5], that must be confirmed or
excluded by the ongoing MiniBooNE experiment [6], oscillations in the leptonic sector
can be accommodated in the three family Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
mixing matrix [7]. Therefore, the next steps on the way of a full understanding of
neutrino oscillations are:

• confirm the source of atmospheric neutrino oscillations, i. e. observe directly the
νµ → ντ oscillation;

• perform precision measurements of the angles θ12 and θ23 and of the mass differ-
ences | ∆m2

12 | and | ∆m2
23 |;

• measure the sign of the atmospheric mass difference, ∆m2
23;

• measure the remaining parameters of the PMNS mixing matrix: θ13 (for which
only an upper limit exists so far [8]) and the leptonic CP violating phase δ (that
is still completely unknown).

With the aim to perform the above measurements, over recent years there has been
a marked growth of interest in the development of new neutrino sources: conventional
neutrino beams from pion and kaon decay, but with a more intense flux (Super-Beams);
neutrino beams from muon decays (Neutrino Factories); neutrino beams from the decay
of intense beams of β-unstable heavy ions (β-Beams). For a comprehensive review of
future neutrino sources we refer to [9] and references therein.

In this paper we focus on a CERN-based neutrino complex including a β-Beam,
that could leverage existing facilities at CERN and complement the EURISOL physics
program [10], and a Super-Beam based on an intense proton driver (the SPL). Although
the possibility to exploit higher γ β-Beams has been put forward (see for example [11,
12]), we consider here only the configuration of the β-Beam where νe (ν̄e) are produced
by 18Ne (6He) ions [13] that are accelerated by the SPS up to γ ∼ 100 (γ ∼ 60),
respectively (standard β-Beam). These γ values have been chosen in order to tune the
neutrino/antineutrino mean energy in such a way that the maximum of the atmospheric
neutrino oscillation lies at a distance of around 100 Km, i.e the distance from CERN
to Fréjus.

A first estimate of the potentiality of a CERN to Fréjus based neutrino complex
was given in Ref. [13]. However, in that study only the intrinsic degeneracy1 was taken
into account and only the very peculiar value δ = 90◦ was considered. In Ref. [11] a

1i.e. the sign of the atmospheric mass difference ∆m2

23
is assumed to be positive and θ23 = 45◦.
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more thoughtful analysis, on both experimental and theoretical issues, appears even if
again only positive ∆m2

23 and θ23 = 45◦ were considered, the main interest of the paper
being the study of higher γ setups.

The Super-Beam envisaged at the CERN neutrino complex studied in this paper is
based on the planned SPL of 4 MW power described in Ref. [14]. Similar projects have
been also proposed in Japan and USA, and carefully studied by several authors [15],
with neutrinos energies around 1-2 GeV. The Super-Beam studied in this paper has
an average neutrino energy around 0.25 GeV to match the CERN-Fréjus distance. A
comprehensive analysis of the CERN-based Super-Beam potential, although based on
old fluxes and considering only the intrinsic degeneracy, can be found in [14].

In this paper we study for the first time the complete eightfold degeneracy for
the CERN neutrino complex, i.e. the β-Beam and the Super-Beam either separately
or together. In Section 2, the neutrino oscillation formalism is introduced and the
eightfold degeneracy discussed from a theoretical point of view. The main features
of the neutrino complex at CERN are discussed in Section 3, while the set of cross-
sections used in this paper are briefly summarized in Section 4. In particular, we
compared these cross-sections with other calculations and briefly comment the present
status of the cross-section knowledge for neutrino energies below 1 GeV. Finally we give
our results on the sensitivity calculation both for the θ13 angle and the CP violating
phase δ.

2 The eightfold degeneracy

In Ref. [16] it has been noticed that the appearance probability Pαβ obtained for
neutrinos at a fixed energy and baseline with input parameter (θ̄13, δ̄) has no unique
solution. Indeed, the equation

Pαβ(θ̄13, δ̄) = Pαβ(θ13, δ) (1)

has a continuous number of solutions. The locus of the (θ13, δ) plane satisfying this
equation is called “equiprobability curve”. Considering the equiprobability curves for
neutrinos and antineutrinos with the same energy (and the same input parameters), the
following system of equations (± referring to neutrinos and antineutrinos respectively)

P±

αβ(θ̄13, δ̄) = P±

αβ(θ13, δ) (2)

has two intersections: the input pair (θ̄13, δ̄) and a second, energy dependent, point.
This second intersection introduces an ambiguity in the measurement of the physical
values of θ13 and δ: the so-called intrinsic clone solution. Knowing the two probabilities
of Eq. (2) is consequently not enough for solving the intrinsic degeneracy. One needs
to add more information.
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Unfortunately the appearance of the intrinsic degeneracy is only a part of the
“clone problem”. As it was made clear in [17, 18, 19], two other sources of ambiguities
arise due to the present (and near future) ignorance of the sign of the atmospheric mass
difference, satm = sign[∆m2

23] and the θ23 octant, namely soct = sign[tan(2θ23)]. These
two discrete variables assume the values ±1, depending on the physical assignments of
the ∆m2

23 sign (satm = 1 for m2
3 > m2

2 and satm = −1 for m2
3 < m2

2) and of the θ23-
octant (soct = 1 for θ23 < π/4 and soct = −1 for θ23 > π/4). As a consequence, future
experiments will have as ultimate goal the measure of the two continuous variables θ13

and δ plus the two discrete variables satm and soct.

Moreover it should be noticed that experimental results are not given in terms
of oscillation probabilities but of number of charged leptons observed in a specific
detector. It has been noticed [20] that clones location calculated starting from the
probability or the number of events can be significantly different. We must therefore
integrate the oscillation probability over the neutrino flux, the νN cross-section and
the detector efficiency ǫ(Eµ). From these considerations it follows that Eq. (2) should
be more correctly replaced by:

N±

β (θ̄13, δ̄; s̄atm, s̄oct) = N±

β (θ13, δ; satm = s̄atm; soct = s̄oct) . (3)

In Eq. (3) we have implicitly assumed to know the right sign and the right octant
for the atmospheric mass difference and angle. As these quantities are unknown (and
presumably they will still be unknown at the time of the neutrino facilities considered
in this paper) the following systems of equations should be considered as well:

N±

β (θ̄13, δ̄; s̄atm, s̄oct) = N±

β (θ13, δ; satm = −s̄atm, soct = s̄oct) (4)

N±

β (θ̄13, δ̄; s̄atm, s̄oct) = N±

β (θ13, δ; satm = s̄atm, soct = −s̄oct) (5)

N±

β (θ̄13, δ̄; s̄atm, s̄oct) = N±

β (θ13, δ; satm = −s̄atm, soct = −s̄oct) (6)

Solving the four systems of Eqs. (3)-(6) will result in obtaining the true solution plus
additional clones to form an eightfold degeneracy [19]. These eight solutions are re-
spectively:

• the true solution and its intrinsic clone, obtained solving the system in Eq. (3);

• the ∆m2
23-sign clones (hereafter called sign clones) of the true and intrinsic solu-

tion, obtained solving the system in Eq. (4);

• the θ23-octant clones (hereafter called octant clones) of the true and intrinsic
solution, obtained solving the system in Eq. (5);

• the ∆m2
atm-sign θ23-octant clones (hereafter called mixed clones) of the true and

intrinsic solution, obtained solving the system in Eq. (6).

A complete description of the clone location has been done in [20] and we refer to
that article for all the theoretical details. In this paper we are interested in presenting
a detailed analysis of a concrete experimental facility, that we are going to describe in
the following Sections.
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Figure 1: β-Beam fluxes at the Fréjus location (130 km baseline) as a function of the
neutrino energy for the two specific γ values shown in the legend.

3 Neutrino beam facilities at CERN

In this Section we summarize some of the technical details of the two considered neu-
trino beams, the standard β-Beam (Section 3.1) and the Super-Beam (Section 3.2).
Both beams are directed from CERN toward the underground Fréjus laboratory, where
it has been proposed to locate a 1 Megaton UNO-like [21] water Cerenkov detector with
a 440 Kt fiducial mass. The considered baseline is thus L = 130 Km for both beams.
Therefore, in order to be at the maximum of the atmospheric neutrino oscillations, the
peaks of the energy spectra have been chosen of order few hundred MeV.

3.1 The β-Beam

The β-Beam concept was first introduced in Ref. [22]. It involves producing a beam of
β-unstable heavy ions, accelerating them to some reference energy, and allowing them
to decay in the straight section of a storage ring, resulting in a very intense neutrino
beam. Two ions have been identified as ideal candidates: 6He, to produce a pure ν̄e

beam, and 18Ne, to produce a νe beam. The “golden” [23] sub-leading transitions
νe → νµ and ν̄e → ν̄µ can be measured through the appearance of muons in a distant
detector.

The neutrino beam energy depends on the γ of the parent ions in the decay ring.
For the scenario considered in this paper the γ ratio for the two ions has been fixed to
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Element End-Point (MeV) Decay Fraction
34.114 92.1%

18Ne 23.699 7.7%
17.106 0.2%

6He 35.078 100%

Table 1: 18Ne and 6He β-decay channels and relative end-point energies from [24].

be γ(6He)/γ(18Ne) = 3/5 [13]. This constraint comes from the request to accelerate in
the same accelerator at the same time ions with different atomic mass. The optimal
γ values that match the CERN-Fréjus distance have been found to be γ(6He ) = 60
and γ(18Ne ) = 100. The mean neutrino energies of the νe, νe beams corresponding
to this configuration are 0.23 GeV and 0.37 GeV, respectively. On the other hand the
energy resolution is very poor at these energies, given the influence of Fermi motion
and other nuclear effects. Therefore, in the following all the sensitivities are computed
for a counting experiment with no energy cuts.

A flux of 2.9×1018 6He decays/year and 1.1×1018 18Ne decays/year, as discussed
in Ref. [13], will be assumed. Fig. 1 shows the β-Beam neutrino fluxes computed at
the 130 Km baseline, keeping me 6= 0, following the formulas derived in Ref. [11],
while in Ref. [13] the fluxes are calculated in the me = 0 approximation. Be aware
of the fact that even if me effects seem negligible, their inclusion could be sizable due
to the dramatic cross-section suppression of low energy neutrinos2. Furthermore, in
our calculations we take into account the fact that the 18Ne has three different decay
modes, each with a different end-point energy, see Table 1.

3.2 The Super-Beam

The Super-Beam is a conventional neutrino beam, but with a higher proton intensity.
Therefore, it has the advantages of a high intensity flux and of a well proved technology.
On the other hand its composition (νµ main component, if π+ are focused, plus a small
admixture of ν̄µ, νe and ν̄e) is affected by large systematic uncertainties that limit the
sensitivity in searching for neutrino oscillations mainly νµ → νe.

As baseline for this work we consider a Super-Beam based on a 2.2 GeV proton
beam of 4 MW power SPL, described in Ref. [14]. The predicted energy spectra and
fluxes for the main components have been computed starting from a full simulation
of the neutrino beamline [25], assuming a decay tunnel length of 60 m. The neutrino
fluxes expected at the Fréjus location are shown in Fig. 2. The average energy of the

2For example we checked that by using the cross-sections discussed in Section 4, the rate, for both
neutrinos and antineutrinos, computed in the me = 0 approximation is about 20% smaller than in
the case me 6= 0.
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Figure 2: SPL Super-Beam fluxes at the Fréjus location (130 km baseline) as a function
of the neutrino energy [25].

neutrino and antineutrino beams is 0.27 GeV and 0.25 GeV, respectively.

4 Neutrino cross-sections

The present knowledge of the neutrino and antineutrino cross-sections for energies
below 1 GeV is very poor [26]: either there are very few data, as for neutrinos, or there
are no data available at all, as for antineutrinos. On top of that, the few available data
have not been taken on water, the target we are interested in, and the extrapolation
from different nuclei is complicated by nuclear effects that at the considered energies
play an important role. For this calculation we adopted the cross-sections on water
shown in Fig. 3 [29]. Notice the difference between the νeN and ν̄eN cross-sections: the
former, being an interaction between the νe and a neutron inside the oxygen nucleus,
is affected by nuclear effects and thus shows a threshold energy. The latter is mainly
a ν̄e interaction with the protons of the two hydrogens, approximately free. This
effect, although less pronounced, is visible also for νµ and for ν̄µ. This feature is quite
relevant for neutrino/antineutrino of hundreds of MeV energy, region where different
cross-sections can easily differ by a factor 2. Compare for example our Fig. 3 with
Fig. 3 of Ref. [11] where NUANCE cross-sections [27] are plotted. These differences
can explain the (sometimes relevant) discrepancies within the numbers of charged-
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Figure 3: Cross-sections on water as a function of the neutrino energy [29].

current interactions and oscillated events predicted in different analyzes. Be aware
that there are other nuclear effects (see [28] and references therein) not included yet in
any of the available calculations that could play an important effect at the cross-section
threshold energy.

With our calculations the expected number of charged-current events with a β-
Beam without oscillations per kton-year is 30.3 and 4.4 for νe and ν̄e, respectively.
While in Ref. [11], they quote 32.8 and 4.7 for νe and ν̄e, respectively. We verify, that
using the NUANCE cross-sections we are able to reproduce exactly their results as well
as those of Ref. [13]. As far as the Super-Beam is concerned, the expected number of
charged-current events with a Super-Beam without oscillations per kton-year is 27.6
and 7.2 for νµ and ν̄µ, respectively. We verify, that using the NUANCE cross-sections
we are able to reproduce within 5% the results of Ref. [30], while we still found a
discrepancy of more than 30% with those quoted in Ref. [13].

Besides the absolute value of the cross-sections, another important unknown is their
shape. Indeed, as it will be discussed later, some of the backgrounds have a neutrino
energy threshold. Therefore, the expected background strongly depends on the adopted
model.

At the time the neutrino complex would become operational the cross-sections
will be measured precisely. However, nowadays we have the problem to compute the
physics potential of a facility having in mind that the expected number of signal and
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background events strongly depend on the adopted calculation.

A facility where the neutrino fluxes are known with great precision is the ideal
place where to measure neutrino cross-sections. At a β-Beam the neutrino fluxes are
completely defined by the parent ions β-decay properties and by the number of ions in
the decay ring. A close detector of ∼ 1 Kton placed at a distance of about 1 Km from
the decay ring could then measure the relevant neutrino cross-sections. Furthermore
the γ factor of the accelerated ions can be varied. In particular a scan can be initiated
below the background production threshold, allowing a precise measurement of the
cross-sections for resonant processes.

Unfortunately, there are no studies available on the ultimate precision achievable
at future facilities in measuring the charged-current cross-sections. A first attempt to
estimate the ultimate systematic error achievable in the cross-section measurements at
future facilities was given in [9]. By assuming the β-Beam complex described before a
systematic error of 2% was estimated.

5 θ13 and δ sensitivity

In this Section we present our results for the sensitivity to θ13 and δ at the CERN-based
standard β-Beam and SPL Super-Beam. The sensitivity to the θ13 and δ parameters
has been evaluated using the following reference values for the solar and atmospheric
parameters: ∆m2

12 = 7.3×10−5eV2, θ12 = 35◦,∆m2
23 = 2.5×10−3eV2 and θ23 = 40◦.

We proceed first summarizing the backgrounds for both the facilities (Sections 5.1-
5.2) and then studying the β-Beam and the Super-Beam separately and in combination
(Section 5.3).

5.1 Signal and background at a standard β-Beam

The signal in a β-Beam looking for νe → νµ (ν̄e → ν̄µ) oscillations would be the
appearance of νµ(ν̄µ) charged-current events, mainly via quasi-elastic interactions, in
a pure νe(ν̄e) beam. Background rates and signal efficiencies have been studied, by
means of a full simulation based on the NUANCE code [27], in Refs. [11, 13]. In this
paper, we make use of those results for the beam and detector fractional background
and compute the expected number of oscillated events by using the fluxes of Fig. 1, the
cross-section on water of Fig. 3, the full three-families oscillation probability in matter
and the νµ detection efficiency of Fig. 4.

Given its excellent purity (neither νµ nor ν̄µ are in the initial beam) the background
in a detector exploiting a β-Beam can be generated either by inefficiencies in particle
identification, such as mis-identification of pions produced in neutral-current single-
pion resonant interactions, electrons (positrons) mis-identified as muons, or by external
sources such as atmospheric neutrino interactions.
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Figure 4: Reconstruction efficiency as a function of the true neutrino energies for 6He
(ν̄e) and 18Ne (νe) in water [11].

The pion background has a threshold at neutrino energies of about 0.45 GeV,
and is highly suppressed at the β-Beam energies. The electron background is almost
completely suppressed by the request of the detection of a delayed Michel electron
following the muon track. If a bunch length of 10 ns (which seems feasible) is assumed,
this background becomes negligible [13]. Moreover, out-of-spill neutrino interactions
can be used to normalize this background to the 1% accuracy level.

The event rates for a 4400 kt-y exposure are also given in Table 2, both for non-
oscillated and oscillated νe, ν̄e, with νe → νµ oscillation probability computed for θ13 =
10◦ and δ = 90◦, and θ13 = 1◦ and δ = −90◦, 90◦. In Table 2 the expected beam and
detector backgrounds (derived from the fractional background in Refs. [11, 13]) are
also given.

Finally, some comments on the overall systematic error and on the expected back-
ground are in order. The ultimate precision on cross-sections achievable at future
facilities is about 2%. This value has been also assumed in Ref. [13] as an overall
systematic error. However, it does not take into account possible systematic errors on
the detection efficiencies and on the neutrino fluxes. In order to be conservative, we
adopted an overall systematic error of 5%. Nonetheless, we also studied the impact on
the physics potential going from 5% to 2%.
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θ13 δ satm Nν Nν̄ Pνeνµ
(E = 0.37) Pν̄eν̄µ

(E = 0.23)

No Osc. 133205 19557
10◦ 0◦ + 2472 457 5.48×10−2 5.17×10−2

10◦ 0◦ - 1918 445 4.35×10−2 6.57×10−2

1◦ 90◦ + 75 1 1.85×10−3 1.71×10−4

1◦ 90◦ - 73 1 1.79×10−3 1.44×10−4

1◦ −90◦ + 8 18 9.99×10−5 3.35×10−3

1◦ −90◦ - 8 20 9.63×10−5 3.50×10−3

Beam back. 0 0
Detector back. 360 1

Table 2: Event rates for a 10 years exposure at a standard β-Beam. The oscillated
charged-current events for different values of θ13, δ and sign of the atmospheric mass
difference, satm, for both neutrinos and antineutrinos are given. For comparison with
literature we show here the values obtained with the reference parameters but θ23 = 45◦.
The oscillation probabilities at the mean neutrino/antineutrino energy (in GeV) are
also shown.

As far as the background is concerned, we would like to stress that it is due to the
coherent pion production process, with a threshold at 0.45 GeV. Therefore, following
the arguments of Section 4, it strongly depends on the adopted model. We checked
that our results are stable against variations of the background in the neutrino channel,
while this is not the case for the antineutrino channel. In absence of a full Monte
Carlo simulation, in the following calculations we adopt the central values given in
Tab. 2. The impact of an increase of this background on the sensitivity is discussed in
Section 5.4.

5.2 Signal and background at the Super-Beam

The search for νµ → νe (ν̄µ → ν̄e) appearance with a Super-Beam is complicated by the
νe(ν̄e) contamination of the beam. Indeed, contrary to the case of the β-Beam where
the beam-induced background is absent (see Table 2), for the Super-Beam a significant
background from νe(ν̄e) charged-current interactions must be considered, resulting in
a loss of sensitivity. In a water Cerenkov detector the appearance of a νe(ν̄e) signal
is detected by exploiting the high efficiency and purity of the detector in identifying
electrons and muons in low multiplicity interactions.

Besides the νe(ν̄e) contamination of the beam, the main sources of background
are the charged-current interactions of νµ(ν̄µ) and the production of π0 in neutral-
current interactions. The total background has been computed following the fractional
backgrounds given in Ref. [14].
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To compute the expected number of non-oscillated and oscillated events we have
used the fluxes of Fig. 2, the cross-section on water of Fig. 3, the full three-families oscil-
lation probability in matter and the electron detection efficiency computed in Ref. [14]:
70.7% and 67.1% for νµ → νe and ν̄µ → ν̄e, respectively. The corresponding beam
and detector background has been computed making use of the results quoted in
Ref. [13, 14].

As far as the signal and background systematic errors, we followed the arguments
given in Ref. [31], but we have considered only 2% and 5%, and finally presented results
for the worst case. The two cases are on the other hand considered when sensitivity
plots are presented.

The event rates are given in Table 3. Note that, given the difference in cross-section
between neutrino and antineutrino and that it is not possible to run a Super-Beam
with both polarities at the same time, to get comparable statistics the run should be
asymmetric in time: in Ref. [13], 2 years run with main component νµ and 8 years
run with main component ν̄µ were assumed. It is however not clear that having a
comparable statistics is really necessary to get a good θ13, δ signal. In the case of the
Neutrino Factory, for example, it has been shown that a combination of two different
detectors, the first looking for νe → νµ oscillations with high statistics and the second
for νe → ντ with low statistics is extremely useful to solve some of the parameter space
degeneration [32]. Indeed, with a 2+8 run the gain in the ν̄µ flux is compensated by a
loss in the νµ flux. We have therefore also run in a symmetric 5+5 years configuration:
our results indicate that the two choices work similarly on the average, with one or
the other performing slightly better depending on the particular region of the (θ13, δ)
parameter space. In the rest of the paper, to establish direct comparison with [13], we
adopt the 2+8 configuration.

5.3 Extraction of neutrino oscillation parameters in presence

of signal

The sensitivity to the θ13 and δ parameters has been evaluated by assuming the signal
and background rates reported in the previous Sections and the following input values:
∆m2

12 = 7.3 × 10−5eV2, θ12 = 35◦, ∆m2
23 = 2.5 × 10−3eV2, and θ23 = 40◦. Since the

sign of ∆m2
23 and the θ23-octant are unknown, fits to both sign[∆m2

23] = ± 1 and
sign[tan(2θ23)] = ± 1 have been performed. In the particular case θ23 = 45◦, four out
of eight solutions of the systems of Eqs. (3)-(6) disappear and only fits to the wrong
assignment of sign(∆m2

23) must be performed. However, since at a given confidence
level the contours for the allowed regions (around the theoretical location of the true
solution, the intrinsic clone and of the two sign clones) are not qualitatively different
from those we get for θ23 = 40◦, we have opted to present results for this last case,
only.

Our results for two specific values, θ̄13 = 1◦, 7◦, are presented in Figs. 5-7. In each

12



θ13 δ satm Nν Nν̄ Pνµνe
(E = 0.27) Pν̄µν̄e

(E = 0.25)

No Osc. 24245 25467
10 0 + 1200 1013 6.44×10−2 5.68×10−2

10 0 - 1033 1089 5.78×10−2 6.52×10−2

1 90 + 2 52 2.11×10−5 3.13×10−3

1 90 - 3 54 3.20×10−5 3.27×10−3

1 -90 + 50 5 3.01×10−3 6.96×10−5

1 -90 - 49 5 2.89×10−3 5.16×10−5

Beam back. 92 110
Detector back. 24 56

Table 3: Event rates for an exposure at a standard Super-Beam. The oscillated charged-
current events for different values of θ13, δ and sign of the atmospheric mass difference,
satm for both neutrinos (2 years data taking) and antineutrinos (8 years of data tak-
ing) are given. For comparison with literature we show here the values obtained with
the reference parameters but θ23 = 45◦. The oscillation probabilities at the mean neu-
trino/antineutrino energy (in GeV) are also shown.

figure we plot the 90 % CL contours for the two considered values of θ̄13 and a fixed
value of δ: δ̄ = 90◦ (Fig. 5), δ̄ = 0 (Fig. 6) and δ̄ = −90◦ (Fig. 7). From top to bottom,
the results for the β-Beam, for the Super-Beam and for the combination of the two are
presented.

In every separate case, the four possible choices of the discrete variables satm, soct are
reported: continuous lines stand for the true solution and the intrinsic degeneracy (right
sign(∆m2

23) and right θ23-octant); dashed lines stand for the sign degeneracy (wrong
sign(∆m2

23) and right θ23-octant); dot-dashed lines stand for the octant degeneracy
(right sign(∆m2

23) and wrong θ23-octant); dotted lines stand for the mixed degeneracy
(wrong sign(∆m2

23) and wrong θ23-octant). In all the figures, the light (red) circle shows
the input value. The dark (black) circles in the plots for the β-Beam and the Super-
Beam represent the theoretical clone locations computed as in Ref. [20] for the two
facilities considered in this paper. They have been included to show the rather good
agreement between the theoretical computation and the output of the fits. Notice that
for θ̄13 = 7◦ some of the theoretical clones are missing. Indeed, an analytic solution of
the systems in Eqs. (3)-(6) is not always found for large θ̄13 values, see [20] for details.

Notice first that the impact of the octant-ambiguity in all the considered cases is
by far more relevant for large values of θ̄13 than for small values. For the three values
of δ that we have analyzed we get the octant clones with a ∆θ13 ∼ 1◦ shift with
respect to the true solution when θ̄13 = 7◦, whereas we get a significantly smaller shift
when θ̄13 = 1◦. This comment apply both to the β-Beam and the Super-Beam results:
indeed, when the octant-ambiguity is considered, both facilities show pretty similar
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contours. This is why, as a general result, the combination of the two facilities does
not solve this ambiguity. Even in the case of θ̄13 = 7◦, for which a significant statistics
is accumulated for both facilities, the bottom plot of Figs. 5-7 shows that at 90 % CL
the true solution and the octant ambiguity survive for the three values of δ considered.

Concerning the sign ambiguity we notice that, for both facilities and for both con-
sidered values of θ̄13 = 1◦, 7◦, the allowed regions corresponding to the clone solutions
overlap with the true solution in a significant way. As a consequence the combina-
tion of the two facilities, albeit reducing the 90 % CL contours, does not solve the
sign ambiguity, either. However, contrary to the case of the octant degeneracy treated
above, this does not affect the measurement of the two continuous unknowns θ13 and
δ. For large θ̄13, a considerably good measurement of both quantities is achieved, with
no clue on the mass hierarchy. An exception to this statement is the particular case
θ̄13 = 7◦, δ̄ = 0, for which the sign clones are quite definite regions located in different
places for the β-Beam and the Super-Beam. This actually allows the cancellation of
some of the allowed regions when combining the two facilities. The ambiguities are
however not solved, since clone regions survive near δ = 180◦.

Discussing the mixed ambiguity, we notice that much of what was said for the
sign degeneracies can be repeated in this case: the only difference being that allowed
regions around mixed clones overlap significantly with the octant degeneracy, and not
with the true solution as it was the case for the sign degeneracy. As a consequence,
mixed clones survive after the combination of the two facilities. This comment applies
to all the considered input pairs, with the exception of the θ̄13 = 7◦, δ̄ = 0 case (as for
the sign ambiguity) and of θ̄13 = 7◦, δ̄ = −90◦, for which no mixed ambiguity is present
in the Super-Beam.

We observe that in general four allowed regions are still present after adding data
from the β-Beam and the Super-Beam at large θ̄13 (with the exception θ̄13 = 7◦, δ̄ =
−90◦, for which the mixed clone is absent after combination). These four regions
either overlap in pairs (case of δ̄ = 90◦,−90◦) or stay well apart (case of δ̄ = 0), in all
cases allowing a measure of the two continuous parameters but not of the two discrete
parameters. On the other hand, for small θ̄13 we are clearly on the sensitivity limit of
these experiments: no clear measure of δ is possible (at 90 % CL we can just state if δ
is positive or negative) and no discrete ambiguity is solved.

From the results reported in the top plots of Figs. 5-7, it is clear that by using the
β-Beam or the Super-Beam as isolated experiment it is not possible to solve any of
the degeneracies, although for large enough θ̄13 a first estimate of the two continuous
parameters θ13 and δ can be attempted. Even when combining the two experiments we
have found that as a general result the discrete parameters are not measured. These
results are in contrast with the statement of [13] “ We stress the fact that an experi-
ment working at very short baselines has the smallest possible parameter degeneracies
and ambiguities and it is the cleanest possible environment where to look for genuine
leptonic CP violation effects”. The correct statement is that in many cases the discrete
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ambiguities, although not solved, does not affect in a significant way the measure of the
continuous parameters. Notice, however, that in general multiple solutions are found
with either larger uncertainties in both parameters when these regions overlap or a
proliferation of disconnected regions in the parameter space3.

5.4 Exclusion plots in absence of signal

In Figs. 8, 9, 10 we present exclusion plots in the absence of a signal for the β-Beam,
the SPL-Super-Beam and their combination. The different lines represent, with the
notation used in the previous figures, different choices of the two discrete parameters
satm, soct.

In the upper plot of Fig. 8, 9, 10 we draw the 90% CL contour defining the sensitivity
limit on θ13 in case of absence of a signal, with δ as a free parameter. Notice how the
sensitivity limit spans a region from ∼ 0.5◦ to 2.5◦, the less stringent limit being for
δ = 0. A significant loss in sensitivity for this value of δ is induced by the unsolved
discrete ambiguities, whereas for other δ values the worse limit is generally given by
the true solution. It is worth noting that the β-Beam plots of Fig. 8 show a better
sensitivity for δ = 90◦ than for δ = −90◦ (see also [13]). This result reflects the
expected large signal statistics for neutrinos at δ = 90◦ and the small background (1
event) for antineutrinos. Being the background affected by large uncertainties (see
Section 4), we checked that, if the expected number of background events increases,
the sensitivity enhancement disappears and the plots become symmetric in δ. In the
case of the Super-Beam, Fig. 9, we notice no asymmetry in δ in both plots. This is
a consequence of the more symmetric background reported in Tab. 3 for both the
neutrino and antineutrino beams. Furthermore, we point out that the effect of the
degeneracies on the sensitivity is much lower than in the case of the β-Beam: in both
plots it can be seen how the different excluded regions coming from different choices of
the discrete parameters satm and soct overlap significantly.

In the lower plot of Figs. 8, 9, 10 we draw the 90% CL contour in the absence of a
CP violating signal (that can be interpreted as δ = 0◦) for fixed values of θ13. In this
case it is clearly visible how the true solution define an upper bound on |δ| ≤ 30◦−40◦,
whereas the sign degeneracy draw a lower bound for |π − δ| ≥ 150◦ − 170◦. The
octant and mixed degeneracy, on the other hand, do not play a significant role in this
sensitivity plot apart for excluding small regions of parameter space around θ13 ≃ 4◦

and positive δ.

We also studied the dependence of the sensitivity on the systematic error for the
combined β-Beam and Super-Beam setup. The results are shown in Fig. 10, from
which it can be noticed that there is not a strong impact on the sensitivity going from
5% to 2%.

3The presence and the locations of the clones as derived in this paper are in rather good agreement
with the analytical calculations quoted in [20].
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6 Conclusion

Over the past years the possibility to build a CERN neutrino complex, based on the
novel concept of the β-Beam and on a neutrino Super-Beam, that exploits a 1 Mega-
ton water Cerenkov detector located at the Fréjus underground laboratory (130 km
baseline) has been put forward. In this paper we study for the first time the eightfold
degeneracy for such a scenario.

After a brief theoretical discussion about the eightfold degeneracy and a short
description of the β-Beam and Super-Beam facilities, we focus on the neutrino and
antineutrino cross-sections at low energies. At the time the neutrino complex will be-
come operational, it would be possible to measure with high accuracy the cross-sections.
However, nowadays we have the problem to compute the physics potential of a facility
having in mind that the expected number of signal and background events strongly
depend on the adopted calculation. In particular we pointed out that the background
in the antineutrino channel of a β-Beam depends on the shape and absolute value of
the cross-section and that this background can significantly affect the sensitivity to θ13

and δ.

From the results reported in this paper it is clear that by using the β-Beam or the
Super-Beam alone it is not possible to solve all the degeneracies, although for large
enough θ̄13 a first estimate of the two continuous parameters θ13 and δ can be at-
tempted. Even when combining the two experiments we have found that as a general
result the discrete parameters are not measured. In many cases the discrete ambigu-
ities, although not solved, do not affect in a significant way the measurement of the
continuous parameters. Notice, however, that in general multiple solutions are found
with either larger uncertainties in both parameters when these regions overlap or a
proliferation of disconnected regions in the parameter space.

As a final comment we want to stress that being the experiment discussed in this
paper a “counting experiment”, the small differences between the fluxes are averaged-
out. Therefore, being Nevts(νµ → νe) ≃ T (Nevts(νe → νµ)), the combination (synergy)
of a β-Beam and of a Super-Beam only determines an increase of statistics for both
neutrinos and antineutrinos. Therefore, there is not a real synergy.
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Figure 5: Fits to θ13 and δ after a 10 yrs β-Beam run and a 2+8 Super-Beam run. The
90% CL contours are shown for the following input values: θ13 = 1◦, 7◦ and δ = 90◦.
Upper panel: β-Beam results; middle panel: Super-Beam results; lower panel combined
results. Continuous lines stand for the intrinsic degeneracy; dashed lines stand for the
sign degeneracy; dot-dashed lines stand for the octant degeneracy; dotted lines stand
for the mixed degeneracy. The light circle (red) shows the input value. Dark (black)
dots are the theoretical clone locations computed as in Ref. [20].
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Figure 6: Fits to θ13 and δ after a 10 yrs β-Beam run and a 2+8 Super-Beam run.
The 90% CL contours are shown for the following input values: θ13 = 1◦, 7◦ and δ = 0.
Upper panel: β-Beam results; middle panel: Super-Beam results; lower panel: combined
results. Continuous lines stand for the intrinsic degeneracy; dashed lines stand for the
sign degeneracy; dot-dashed lines stand for the octant degeneracy; dotted lines stand
for the mixed degeneracy. The light circle (red) shows the input value. Dark (black)
dots are the theoretical clone locations computed as in Ref. [20].
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Figure 7: Fits to θ13 and δ after a 10 yrs β-Beam run and a 2+8 Super-Beam run. The
90% CL contours are shown for the following input values: θ13 = 1◦, 7◦ and δ = −90◦.
Upper panel: β-Beam results; middle panel: Super-Beam results; lower panel: combined
results. Continuous lines stand for the intrinsic degeneracy; dashed lines stand for the
sign degeneracy; dot-dashed lines stand for the octant degeneracy; dotted lines stand
for the mixed degeneracy. The light circle (red) shows the input value. Dark (black)
dots are the theoretical clone locations computed as in Ref. [20].
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Figure 8: Sensitivity plots to θ13 (upper) and δ (lower) after a 10 yrs β-Beam run.
The 90% CL contours are shown. Continuous lines stand for the intrinsic degener-
acy; dashed lines stand for the sign degeneracy; dot-dashed lines stand for the octant
degeneracy; dotted lines stand for the mixed degeneracy.

23



Figure 9: Sensitivity plots to θ13 (upper) and δ (lower) after a 2+8 Super-Beam run.
The 90% CL contours are shown. Continuous lines stand for the intrinsic degener-
acy; dashed lines stand for the sign degeneracy; dot-dashed lines stand for the octant
degeneracy; dotted lines stand for the mixed degeneracy.
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Figure 10: Sensitivity plots to θ13 (upper) and δ (lower) after a combined 10 yrs β-Beam
and a 2+8 Super-Beam run. The 90% CL contours for two values of the systematic
errors are shown: 2% (left panels) and 5% (right panels). Continuous lines stand for
the intrinsic degeneracy; dashed lines stand for the sign degeneracy; dot-dashed lines
stand for the octant degeneracy; dotted lines stand for the mixed degeneracy.
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